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In Sec. VA of [1], we claimed that the magnetic-type
tidal perturbation does not affect the conservative sec-
tor of binary dynamics for non-rotating bodies, but this
was incorrect. Using [2], one finds the radial acceleration
due to the tidally-induced `th magnetic-type multipole
moment as ar ∝ σ¯`v2/r2`+3, which gives a 2` + 2 post-
Newtonian (PN) contribution. Comparing this with the
3` PN dissipative contribution, one finds that the two
contributions enter at the same PN order for ` = 2 while
the conservative contribution dominates the dissipative
one for ` ≥ 3. Such a feature is same as the electric-type
tidal perturbation case.
Such a conservative contribution changes how σ¯2 en-
ters in the gravitational waveform phase discussed in Ap-
pendix A2 of [1] as follows. First, using [2], one finds the
radial acceleration due to the tidally-induced quadrupole
moment of the 1st body STij,1 as
a
σ¯12
r =
m
r212
[
1 + 8jmnvm
STin,1nij
m1r212
]
=
m
r212
[
1 + 48 σ¯12 η X
3
1 x
6
]
, (1)
where we correct the tidally-induced quadrupolar current
multipole moment as
STij,1 = 12
m2
r312
σ12k`(jni)kv` , (2)
using Eq. (6.10) in [2]. This then yields the Kepler’s third
law and binding energy as
r12 =
(m
ω2
)1/3 [
1 + 16 σ¯12 η X
3
1x
6
]
, (3)
E = −1
2
ηmx
[
1− 88σ¯12 η X31x6
]
, (4)
respectively. This binding energy can also be derived
from the tidal interaction Lagrangian in [3].
The above conservative contribution propagates to the
dissipative sector. Taking into account corrections to the
mass quadrupole moment of a binary system given by [4]
Mab = ηmr212n
〈ab〉+
8
9
m2
m
[
2viij〈aSb〉j,T1 − ij〈aS˙b〉j,T1 nir12
]
,
that was missing in [1], the luminosity of gravitational
waves given in Eq. (A11) in [1] is corrected to
E˙ = −32
5
η2x5
[
1− 2
3
σ¯12 X
4
1 (X1 − 113X2)x6
]
. (5)
With these expressions at hand, we finally arrive at the
gravitational waveform phase including the contribution
of σ¯12 and Eq. (A12) in [1] is corrected to
Ψ(f) =
3
128
1
η
x−5/2
[
1 +
20
21
σ¯12 X
4
1 (X1 − 1037X2)x6
]
.
(6)
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In Figs. 6 and 9 of [1], we were accidentally plotting
|σ¯2|/C2 instead of |σ¯2| on the vertical axis. The corrected
figures are shown in Figs. 1 and 2 respectively. The fitted
curves in Fig. 2 are given by Eq. (60) of [1] with the
coefficients corrected to Table I.
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FIG. 1. (Color online) σ¯2–C relation for neutron stars (NSs)
and quark stars (QSs) with various equations of state (EoSs).
We also show the relations for the n = 1 and n = 0 polytropes
at 1PN order.
The post-Newtonian relation between σ¯2 and C in
Eqs. (50) and (51) in [1] are corrected as
σ¯
1PN,(n=1)
2 = −
1
60
(
1− 20
pi2
+
120
pi4
)
1
C4
, (1)
σ¯
1PN,(n=0)
2 = −
1
140
1
C4
, (2)
respectively. The post-Newtonian relation between σ¯2
and λ¯2 in Eqs. (65), (70), (75) and (80) in [1] are corrected
as
σ¯1PN2 = Cσ¯2λ¯2
(
λ¯N2
)4/5
, (3)
with
C
(n=1)
σ¯2λ¯2
= − 120− 20pi
2 + pi4
20 31/5pi12/5 (15− pi2)4/5
≈ −0.0139 , (4)
C
(n=0)
σ¯2λ¯2
= − 1
70 21/5
≈ −0.0124 , (5)
and
C
(n=0)
σ¯2λ¯2
C
(n=1)
σ¯2λ¯2
=
31/5pi12/5
(
30− 2pi2)4/5
7 (120− 20pi2 + pi4) ≈ 0.893 . (6)
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FIG. 2. (Color online) σ¯2–λ¯2 relation for NSs and QSs with
various EoSs.
All other results are unaffected by the above correc-
tions.
Acknowledgments: We thank Paolo Pani for pointing
out the mistakes.
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2yi xi NS/QS ai bi ci di ei
|σ¯2| λ¯2 NS -2.01 0.462 1.68× 10−2 −1.58× 10−4 −6.03× 10−6
QS -1.89 0.393 2.81× 10−2 −9.59× 10−4 1.33× 10−5
TABLE I. Estimated numerical coefficients for the fitting formula of the σ¯2–λ¯2 relation for NSs and QSs given in Eq. (61) of [1].
[1] K. Yagi, Phys. Rev., D89, 043011 (2014), arXiv:1311.0872
[gr-qc].
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Gravitational-wave observations in the near future may allow us to measure tidal deformabilities
of neutron stars, which leads us to the understanding of physics at nuclear density. In principle, the
gravitational waveform depends on various tidal parameters, which correlate strongly. Therefore, it
would be useful if one can express such tidal parameters with a single parameter. Here, we report on
universal relations among various `-th (dimensionless) electric, magnetic and shape tidal deforma-
bilities in neutron stars and quark stars that do not depend sensitively on the equation of state.
Such relations allow us to break the degeneracy among the tidal parameters. In this paper, we focus
on gravitational waves from non-spinning neutron-star binary inspirals. We first derive the leading
contribution of the `-th electric and ` = 2 magnetic tidal deformabilities to the gravitational-wave
phase, which enters at 2` + 1 and 6 post-Newtonian orders relative to the leading Newtonian one
respectively. We then calculate the useful number of gravitational-wave cycles and show that not
only the ` = 2 but also ` = 3 electric tidal deformabilities are important for parameter estimation
with third-generation gravitational-wave detectors such as LIGO III and Einstein Telescope. Al-
though the correlation between the ` = 2 and ` = 3 electric tidal deformabilities deteriorate the
measurement accuracy of the former deformability parameter, one can increase its measurement
accuracy significantly by using the universal relation. We provide a fitting formula for the LIGO III
noise curve in the Appendix.
PACS numbers: 95.85.Sz, 97.60.Jd, 26.60.Kp, 04.30.-w
I. INTRODUCTION
Background
The history of Newtonian tides goes back to 1911. The
theory of Newtonian tides was established by Love [1]
who introduced two tidal parameters, the first and second
apsidal constants (or tidal Love numbers). The former
measures a dimensionless ratio between the `-th multipo-
lar deformation of a star and the `-th multipolar external
tidal potential, while the latter refers to a dimensionless
ratio between the `-th induced multipole moment and
the the `-th multipolar external tidal potential.
A relativistic theory of Love numbers was formalized
by two independent groups [2, 3]. In the relativistic con-
text, three types of Love numbers exist, the shape, elec-
tric and magnetic. The shape and electric tidal Love
numbers correspond to the first and second Love num-
bers in the Newtonian limit respectively, while Newto-
nian analogue does not exist for the magnetic tidal Love
numbers. The authors of Ref. [2, 3] restricted themselves
to nondynamical tides, while the formalism has been ex-
tended to include dynamic tides in [4–7] using either the
post-Newtonian (PN) affine framework [8, 9] or effective
field theory approach [10, 11].
Tidal Love numbers, or tidal deformabilities to be more
precise, enter in the phase of gravitational waves (GWs)
from neutron-star (NS) binary inspirals, and hence fu-
ture observations may reveal fundamental properties in
nuclear physics. Such inspirals are one of the most
∗ kyagi@physics.montana.edu
promising sources for second-generation GW interferom-
eters such as Adv. LIGO [12], Adv. VIRGO [13] and
KAGRA [14]. The leading finite-size effect in the GW
phase enters at 5PN order relative to the Newtonian one
and comes from the ` = 2 electric tidal deformability.
The ` = 2 electric tidal Love number of NSs was first
calculated by Hinderer [15], whereas the one for quark
stars (QSs) was calculated e.g. in [16, 17]. Flanagan
and Hinderer [18] showed that the tidal deformability
can be measured by Adv. LIGO, and much work fol-
lowed [16, 19–33]. The systematic errors on tidal param-
eters with GW observations due to mis-modeling of the
waveform template are discussed in [34, 35]. The effect
of higher order electric tidal deformabilities in GW phase
is discussed in [16, 18, 25], while the effect of the ` = 2
magnetic tidal deformability on NS stability was calcu-
lated in [36]. The shape Love number was used to in-
vestigate the possibility of resonant shattering of the NS
crust [37]. Specifically, the authors in [25] recommend
to include such higher order contribution into model pa-
rameters when carrying out GW data analysis and give
a possible way to decrease the number of tidal parame-
ters. We investigate this possibility further by using the
universal relations among the tidal deformabilities that
do not depend strongly on the NS internal structures.
Universal relations among the NS and QS observables
have been investigated by many authors. Universal rela-
tions among NS oscillation modes have been investigated
deeply in [38–43]. Bejger and Haensel [44] and Lattimer
and Schutz [45] found a universal relation between the
rescaled moment of inertia and the compactness. Such
relation helps in measuring the moment of inertia us-
ing double pulsar binary J0737-3039 [46–49]. Extend-
ing these, Urbanec et al. [50] found a universal relation
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2between the rescaled quadrupole moment and the com-
pactness. Several authors report on the EoS-independent
relation between the cutoff frequency of GWs from NS
binaries and compactness [20, 21].
Recently, the author and Yunes [51, 52] found yet an-
other relations between the (dimensionless) ` = 2 electric
tidal deformability, moment of inertia and quadrupole
moment of NSs and QSs that do not depend sensitively
on the internal structure of the stars. Such I-Love-Q re-
lations have several applications. On the astrophysical
front, one measurement of the I-Love-Q trio would auto-
matically determine the other two. On the GW physics
front, the universal relations help to break the degeneracy
between spins and other parameters. On the fundamen-
tal physics front, the independent measurement of any
two of the trio allows us to perform a model-independent
and equation of state (EoS)-independent test of general
relativity (GR).
Such universal relations have been confirmed by follow-
up studies such as [53–56]. Maselli et al. [54] adopted the
PN affine framework to study the relations under dynam-
ical tidal perturbations and found that the universality
is still preserved to within 10% accuracy for NS binary
inspirals with GW frequencies f . 900 Hz. Haskell et
al. [55] investigated the effect of magnetic fields and found
that the universality holds unless the star has rather large
magnetic fields (& 1012 G) and a rather long period (& 10
s). Doneva et al. [56] looked at the I-Q relations for
rapidly-rotating NSs and QSs. They found that the rela-
tions deviate away from those of slowly-rotating NSs and
QSs, but if one fixes the NS spin frequency, the relations
still only depend weakly on the modern realistic EoS, as
qualitatively expected and discussed in [52]. They also
found that the EoS-dependence becomes larger as one
increases the NS spin frequeny. They confirmed that one
can still apply the universal relations found for slowly-
rotating NSs if they spin slower than a few hundred Hz.
Baubock et al. [57] used the I-Q relation, together with
universal relations among the NS spin angular momen-
tum, ellipticity and compactness, and showed that such
relations help to extract parameters from the NS emis-
sion lines.
Executive Summary
Here, we give a brief summary of our results. First,
following [2], we calculate the ` = 2, 3, 4 electric, ` = 2
magnetic and ` = 2, 3, 4 shape tidal deformabilities of
NSs and QSs. We then show new universal relations for
NSs and QSs, similar to the I-Love-Q ones, among such
tidal deformabilities. The relation between the ` = 2 and
` = 3 dimensionless electric tidal deformabilities (λ¯`) is
shown in the top panel of Fig. 1 for various EoSs. Simi-
lar relations hold among λ¯` and the ` = 2 magnetic tidal
deformability. The single parameter along the curves is
the mass or compactness. Notice how each curve lies on
top of each other. In the bottom panel, we show the
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FIG. 1. (Color online) (Top) Universal relation between the
` = 2 and ` = 3 dimensionless electric tidal deformabilities
for NSs (APR, SLy, LS220 and Shen EoSs) and QSs (three
SQM EoSs). The single parameter along the curves is the
mass or compactness. We construct fitting formulas for the
realistic EoSs given by Eq. (61), which are shown with black
solid (NS) and dashed (QS) curves. As a reference, we show
the NS mass for the APR EoS on the top axis. Observe how
the relation with each EoS lie on top of each other. (Bottom)
Fractional difference of each curve to the fitting formulas.
fractional difference between numerical and fitted values.
One sees that the universality holds within O(10)% ac-
curacy, which is not as universal as the I-Love-Q rela-
tions [51, 52], where the latter hold to O(1)%. We also
find universal relations among the ` = 2, 3 and 4 shape
deformabilities.
Such new relations have similar applications to the I-
Love-Q ones [51, 52]. Especially, such relations help to
reduce the number of finite-size effect parameters in the
GW phase for a binary NS inspiral. In fact, the rela-
tions suggest that one can express finite-size effects with
a single parameter, the ` = 2 electric tidal deformabil-
ity. We derive that the leading contribution of the `-th
(` ≥ 2) electric and magnetic tidal deformabilities to the
GW phase enters at 2`+1 and 3` PN orders, respectively,
relative to the leading Newtonian one. We then calculate
the useful number of GW cycles [58] and show that both
` = 2 and ` = 3 electric tidal deformabilities may af-
fect GW parameter estimation for third-generation GW
detectors such as LIGO III [59] and Einstein Telescope
(ET) [60, 61].
We further investigate the effect of the universal re-
lations on the GW physics. We calculate statistical er-
rors on the averaged (among the two binary constituents)
` = 2 electric tidal deformability λ¯2,s using a Fisher anal-
ysis [62], assuming that we detect GW signals from a non-
spinning NS binary inspirals. For an equal-mass binary,
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FIG. 2. (Color online) Statistical errors on the averaged ` = 2 dimensionless electric tidal deformability λ¯2,s against a NS
mass with and without using the universal relation using LIGO-III [59] (left) and ET [60, 61] (right), and systematic errors
due to the fitting (shown in the bottom left panel of Fig. 1) with the SLy and Shen EoSs. We assume that one detects a GW
signal from a non-spinning, equal-mass NS/NS binary at 100Mpc. λ¯2,s reduces to λ¯2 of each body for an equal-mass binary.
By using the relation, one can remove the ` = 3 averaged dimensionless electric tidal deformability λ¯3,s from the model tidal
parameters. Observe that one can reduce statistical errors by a factor of 5 if one uses the universal relation. Notice also that the
systematic errors due to the fitting are much smaller than the statistical errors, which validates the use of the fitting function
of the universal relation to reduce the number of parameters.
λ¯2,s is identical to λ¯2 of each body.
Figure 2 presents the statistical errors on λ¯2,s against
each NS mass for an equal-mass NS/NS binary with
LIGO III (left) and ET (right) with the SLy and Shen
EoSs. We take both λ¯2,s and λ¯3,s into account, and show
the statistical errors with and without using the universal
λ¯3,s–λ¯2,s relation (which is the same as the λ¯3–λ¯2 rela-
tion shown in Fig. 1). If one does not use the universal
relation, one has a large statistical error due to a strong
correlation between these two tidal parameters. How-
ever, once one uses the universal relation, one can reduce
the statistical error to the level where one only includes
λ¯2,s. This is because the relation breaks the degeneracy
between λ¯2,s and λ¯3,s as such relation allows us to ex-
press λ¯3,s in terms of λ¯2,s. One sees that one can reduce
the statistical error by a factor of 5 if one uses the univer-
sal relation. One also sees that the systematic errors due
to the uncertainty in the EoS of the universal relation
shown in the bottom panel of Fig. 1 are smaller than the
statistical errors as shown in Fig. 2, which validates our
use of universal relation.
Organization and Conventions
The organization of this paper is as follows. In Sec. II,
we define three different types of tidal Love numbers and
deformabilities. In Sec. III, we follow [2] and calculate
such tidal parameters for NSs and QSs, by first construct-
ing the spherically-symmetric NSs and QSs, and then
consider small tidal perturbations. In Sec. IV, we show
universal relations, give fitting functions and perform an
analytic analysis in the Newtonian limit. In Sec. V, we
explain how such relations bring about benefits to GW
physics. We first show how the tidal parameters would
enter in the GW phase of the compact binary inspiral.
We then calculate the useful number of GW cycles of each
finite-size terms in the GW phase for Adv. LIGO, LIGO
III and ET. Furthermore, we perform a Fisher analy-
sis and estimate statistical errors on the tidal parameter
with and without using the universal relation. We con-
clude in Sec. VI and explain possible avenues for future
work. In App. A, we show a derivation of the finite-size
effect phase terms due to the `-th electric and ` = 2 mag-
netic tidal deformabilities. In App. B, we explicitly show
some of the point-particle and finite-size effect terms in
the GW phase. In App. C, we construct a fitting formula
for the LIGO III noise curve.
All throughout the paper, we follow mostly the con-
ventions of Misner, Thorne and Wheeler [63]. We use
the Greek letters (α, β, · · · ) to denote spacetime indices,
while we use the Roman letters (a, b, · · · ) to denote the
space indices. The metric, and especially the flat one, are
denoted by gµν and ηµν respectively, and they have signa-
tures (−,+,+,+). We use the notation AL ≡ A〈a1a2···a`〉
to denote symmetric trace-free (STF) tensors [64] with `
indices. We use the geometric units of G = 1 = c.
II. TIDAL LOVE NUMBERS AND
DEFORMABILITIES
In this section, we define various kinds of relativistic
tidal Love numbers and deformabilities of non-rotating
4bodies [2, 3], which play the central role in this paper.
We follow [2] and work in the spherical coordinates, while
Ref. [3] works in the light-cone coordinates1.
A. Electric and Magnetic
First, let us define the electric and magnetic tidal pa-
rameters. One can calculate the effect of internal struc-
tures of bodies on their motion and radiation from the
system by solving the outer and inner problems and per-
form matching. The former requires solving the field
equations in which the bodies are characterized by mul-
tipole moments, and one adopts a global weak-field ex-
pansion of the metric as gµν(x) = ηµν + hµν(x) with
the global coordinates xµ. On the other hand, the
latter takes into account the effect of other bodies on
each body [65] with the metric expanded as GAµν(XA) =
G
A,(0)
µν (XA) + H
A
µν(XA). Here, G
A,(0)
µν (XA) is the met-
ric for an isolated body A in local inner coordinates XµA
while HAµν(XA) refers to a perturbation due to other bod-
ies. We restrict ourselves to stationary fields throughout
this paper.
The local gravito-electric and gravito-magnetic fields
EAa and B
A
a are defined by [66–69]
EAa = ∂aW
A, BAa = −4abc∂bWAc , (1)
where the potentials WA and WAa are defined through
the metric GAµν via
GA00 = − exp
(−2WA) , GA0a = −4WAa . (2)
From the externally-generated parts of the fields E¯Aa and
B¯Aa , which are proportional to R
`−1 for R ≡ |Xa| → ∞
in EAa and B
A
a , one can define the `-th gravito-electric
and gravito-magnetic relativistic tidal moments GAL and
HAL as
2
GAL ≡ ∂〈L−1E¯Aa`〉|Xa→0 , (3)
HAL ≡ ∂〈L−1B¯Aa`〉|Xa→0 . (4)
Next, we define the internally-generated mass and cur-
rent multipole moments of the A-th body, MAL and S
A
L ,
which scale as R−(`+1) at spatial infinity. Such multipole
moments are defined through the internally-generated
part of the potentials W+A and W+Aa via
W+A(X) =
∑
`=0
(−1)`
`!
∂L
(
MAL
R
)
, (5)
W+Aa (X) =
∑
`=1
(−1)``
(`+ 1)`!
abc∂bL−1
(
SAcL−1
R
)
, (6)
(7)
1 Ref. [3] also shows that the tidal deformabilities are gauge in-
variant.
2 For a tidal perturbation around a flat spacetime, tidal moments
are related to the Weyl tensor [3].
modulo a gauge transformation [2]. Notice that for
non-rotating bodies, MAL and S
A
L correspond to tidally-
induced multipole moments.
Having the above quantities at hand, we define the `-
th electric and magnetic tidal deformabilities λ` and σ`
as3 [67]
MAL = λ
A
` G
A
L , S
A
L = σ
A
` H
A
L . (8)
We also define the dimensionless `-th electric and mag-
netic tidal deformabilities λ¯` and σ¯` by appropriately nor-
malizing λ` and σ` by the mass of a star M∗ as
λ¯` ≡ λ`
M2`+1∗
, σ¯` ≡ σ`
M2`+1∗
. (9)
One can define the `-th relativistic electric and magnetic
tidal Love numbers k` and j` as [2]
k` ≡ (2`− 1)!!
2
C2`+1λ¯` , (10)
j` ≡ 4(`+ 2)(2`− 1)!!
`− 1 C
2`+1σ¯` , (11)
where C is the compactness of the star defined by C ≡
M∗/R∗ with R∗ denoting the radius of the star. k` corre-
sponds to the second apsidal constant in the Newtonian
limit while there is no analogue for j` in such limit.
B. Shape
Next, we move onto defining the shape tidal param-
eters [2]. First, we decompose the external disturbing
potential U(r, θ) as
U(r, θ) =
∑
`
U`(r)P`(cos θ) , (12)
where P`(x) denotes a Legendre polynomial. Then, one
can define the shape Love number h` as [2]
δR`
R∗
= h`
U`(R∗)
C
, (13)
where δR`/R∗ denotes the `-th fractional deformation of
the surface of the star. Similar to the relation between λ¯`
and k`, we define the dimensionless shape tidal deforma-
bility η¯` as
η¯` ≡ 2
(2`− 1)!!
1
C2`+1
h` . (14)
h` corresponds to the first apsidal constant in the New-
tonian limit.
3 In [18, 52], λ` is called the `-th electric tidal Love number.
5III. TIDALLY-DEFORMED COMPACT STARS
AND TIDAL DEFORMABILITIES
In this section, we explain how one can construct a
tidally-deformed NS solution4 to calculate the tidal de-
formabilities. We explain the construction of an isolated,
non-spinning NS as a background in Sec. III A and then
perturb this solution to obtain various tidal deformabil-
ities in Sec. III B. We follow [2] and calculate the ` = 2,
3, 4 electric, ` = 2 magnetic and ` = 2, 3, 4 shape di-
mensionless tidal deformabilities.
A. Background
We begin by constructing a spherically symmetric, iso-
lated non-spinning NS solution. We impose the metric
ansatz as [70]
ds20 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdϕ2) . (15)
The matter stress-energy tensor Tµν is given by
Tµν = (ρ+ p)uµuν + pgµν , (16)
where p and ρ are the NS pressure and energy density,
respectively, and uµ is the fluid four-velocity given by
uµ = (e−ν/2, 0, 0, 0) . (17)
Here, u0 is obtained from the normalization condition
uµu
µ = −1. One substitute the above ansatz to the
field equations to yield the Tolman-Oppenheimer-Volkoff
equations:
dM
dr
= 4pir2ρ , (18)
dν
dr
= 2
4pir3p+M
r(r − 2M) , (19)
dp
dr
= − (4pir
3p+M)(ρ+ p)
r(r − 2M) , (20)
where M(r) is defined by
M(r) ≡
[
1− e−λ(r)] r
2
. (21)
Outside a star, M(r) becomes a constant M∗, which cor-
responds to the NS ADM mass. One needs to solve
Eqs. (18)–(20), together with a barotropic EoS, p = p(ρ).
The interior solution is obtained by imposing regularity
at the NS center with a choice of central density ρc. The
NS surface is defined to be where the pressure vanishes,
i.e. p(R∗) = 0 where R∗ is the NS radius. The exterior
4 A QS solution can be obtained in a similar manner. The only
difference is the choice of the EoS.
solution is obtained by imposing asymptotic flatness at
spatial infinity. The integration constants are then de-
termined by matching the interior and exterior solutions
at the NS surface.
We consider four realistic EoSs for NSs: APR [71],
SLy [72], Lattimer and Swesty with nuclear incompress-
ibility of 220MeV (LS220) [73] and Shen [74, 75]. For
the latter two EoSs, we impose the neutrino-less and
beta-equilibrium condition with the NS temperature of
0.1MeV. We also consider three EoSs for QSs: SQM1,
SQM2 and SQM3 [76]. The EoSs mentioned above are
shown in Fig. 3. For comparison, we also consider poly-
tropic EoSs given by
p = Kρ1+1/n , (22)
where K and n are an amplitude constant and a poly-
tropic index, respectively.
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FIG. 3. (Color online) Various EoSs for NSs and QSs used
in this paper.
The left panel of Fig. 4 shows the mass-radius relations
for various EoSs. For a reference, we show a lower bound
mass of a pulsar PSR J0348+0432 [77]. The right panel
of Fig. 4 shows the mass-compactness (C ≡ M∗/R∗) re-
lation.
B. Perturbations
Let us now consider perturbations to the spherically
symmetric NS solution constructed in Sec. III A. Thanks
to the background symmetry, the angular sector of per-
turbations can be decomposed using (tensor) spherical
harmonics. We restrict ourselves to stationary perturba-
tions.
1. Electric-Type
Let us first consider even-parity perturbations. The
metric perturbation in the Regge-Wheeler gauge can be
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FIG. 4. (Color online) A mass-radius (left) and mass-compactness (right) relations for NSs and QSs with various EoSs. For a
reference, we show a lower bound mass of a pulsar PSR J0348+0432 [77].
expressed as [78–80]
ds2 = ds20 −
[
eν(r)H0,`(r)Y`m(θ, ϕ)dt
2
+2H1,`(r)Y`m(θ, ϕ)dtdr
+eλ(r)H2,`(r)Y`m(θ, ϕ)dr
2
+r2K`(r)Y`m(θ, ϕ)(dθ
2 + sin2 θdϕ2)
]
,
(23)
while the matter perturbation is given by [78]
δT 00 (r, θ, ϕ) = −δρ`(r)Y`m(θ, ϕ)
= −dρ
dp
δp`(r)Y`m(θ, ϕ) , (24)
δT ii (r, θ, ϕ) = δp`(r)Y`m(θ, ϕ) . (25)
By plugging these perturbed quantities into the field
equations and the stress-energy conservation equations,
one finds
H0,` = H2,` ≡ H` , (26)
H1,` = 0 , (27)
δp`
ρ+ p
= −1
2
H` , (28)
which means that we are only left with two perturbation
parameters, H` and K`. One can further use the per-
turbed field equations to eliminate K`, which then leaves
us with the master equation as [80]
d2H`
dr2
+
{
2
r
+ eλ
[
2M
r2
+ 4pir(p− ρ)
]}
dH`
dr
+
{
eλ
[
−`(`+ 1)
r2
+ 4pi(ρ+ p)
dρ
dp
+ 4pi(5ρ+ 9p)
]
−
(
dν
dr
)2}
H` = 0 . (29)
One first solves the above differential equation with
an initial condition H`(r) ∝ r`, where we have imposed
regularity at the NS center and the constant of propor-
tionality is irrelevant in further calculations of the tidal
deformabilities. On the other hand, the exterior solution
is obtained as
H` = a
P
` Pˆ`2(x) + a
Q
` Qˆ`2(x) , (30)
where x ≡ r/M∗ − 1 and Pˆ`2(x) and Qˆ`2(x) are the
normalized associated Legendre functions of the first
and second kinds respectively, with Pˆ`2(x) ∼ x` and
Qˆ`2(x) ∼ x−(`+1) for x → ∞. aP` and aQ` are constants
whose ratio is to be determined by matching the loga-
rithmic derivative of the interior and exterior solutions,
yλ` (r) ≡
r
H`(r)
dH`(r)
dr
, (31)
at the NS surface5, which yields
aλ` ≡
aQ`
aP`
= − Pˆ
′
`2(xc)− Cyλ` (R∗)Pˆ`2(xc)
Qˆ′`2(xc)− Cyλ` (R∗)Qˆ`2(xc)
, (32)
where ′ denotes the derivative with respect to x, xc ≡
C−1 − 1 and we recall that C is the NS compactness.
One can show that aλ` is related to λ¯` by [2]
λ¯` =
aλ`
(2`− 1)!! . (33)
5 One must be careful when performing the matching for a con-
stant density star or a QS due to the density discontinuity at the
surface, as explained in [2, 16]. For such stars, yλ` (R) acquires
an extra term that depends on the mass, radius and the interior
density at the surface.
7In Fig. 5, we plot λ¯2 and λ¯3 against the compactness C for
various EoSs. Similar relation holds for λ¯4. Observe that
the NS relations vary from one EoS to another, while the
QS relations are almost identical among the EoS consid-
ered here. Also, notice that the QS relations are similar
to that of the n = 0 polytrope for C < 0.2. Since the
outer layer of a QS behaves as a constant density (n = 0
polytropic) star, this figure shows an evidence that the
tidal deformabilities are most sensitive to the star’s outer
layer, as discussed in [51, 52].
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FIG. 5. (Color online) λ¯2–C (top) and λ¯3–C (bottom) rela-
tions for NSs and QSs with various EoSs. We also show the
Newtonian relations for the n = 1 and n = 0 polytropes. Ob-
serve that the QS relations are similar to those for the n = 0
polytrope for C < 0.2, which indicates that tidal deformabil-
ities are most sensitive to the star’s outer layer.
Let us now derive λ¯` in the Newtonian limit for the
n = 1 and n = 0 polytropes. Eqs. (29) and (33) in this
limit becomes
d2HN`
dr2
+
2
r
dHN`
dr
−
(
`(`+ 1)
r2
− 4piρdρ
dp
)
HN` = 0 , (34)
and
λ¯N` =
1
(2`− 1)!!
`− yλ`
`+ 1− yλ`
1
C2`+1
, (35)
respectively. For the n = 1 polytropes, the solution that
is regular at the NS center is given by Bessel functions
as6 HN`
,(n=1) ∝ √R∗/rJ`+1/2(pir/R∗). From this solu-
tion, one can calculate yλ` in the Newtonian limit and by
plugging it into Eq. (35), one obtains λ¯` for ` = 2, 3, 4 in
6 There is a typo in [15, 52].
the Newtonian limit as
λ¯N2
,(n=1) =
15− pi2
3pi2
1
C5
, (36)
λ¯N3
,(n=1) =
21− 2pi2
9pi2
1
C7
, (37)
λ¯N4
,(n=1) = −945− 105pi
2 + pi4
105pi2(pi2 − 15)
1
C9
. (38)
For the n = 0 polytropes, λ¯` in the Newtonian limit is
given by [2]
λ¯N`
,(n=0) =
3
2(`− 1)(2`− 1)!!
1
C2`+1
. (39)
These Newtonian relations are shown as black dotted-
dashed (n = 1) and dashed (n = 0) lines in Fig. 5.
Notice that the relativistic relations for such polytropes
approach the Newtonian lines as one decreases C.
2. Magnetic-Type
Next, we consider magnetic-type tidal perturbations.
The odd-parity metric stationary perturbation is given
by [78]
ds2 = ds20 − 2h0,`(r)
∂ϕY`m(θ, ϕ)
sin θ
dtdθ
+2h0,`(r) sin θ∂θY`m(θ, ϕ)dtdϕ . (40)
The matter stress-energy tensor is perturbed only
through the metric. The master equation is obtained
as [81, 82]
d2h`
dr2
+
eλ
r2
[
2M + 4pi(p− ρ)r3] dh`
dr
−eλ
[
`(`+ 1)
r2
− 6M
r3
+ 4pi(ρ− p)
]
h` = 0 , (41)
where the master variable h`(r) is defined by
h`(r) ≡ r3∂r
(
h0,`
r2
)
. (42)
One can follow a similar procedure to Sec. III B 1 to
calculate σ¯` [2]. One first needs to solve Eq. (41) in the
NS interior with the initial condition given by h` ∝ r`+1,
where we have imposed regularity at the NS center.
Again, the constant of proportionality is irrelevant. For
the exterior solution, the asymptotic behavior of the
two independent solutions at spatial infinity is given by
hˆP` (rˆ) ∼ rˆ`+1 and hˆQ` (rˆ) ∼ rˆ−`, where rˆ ≡ r/M∗. In
particular, for ` = 2, the exterior solutions are given
by hˆP2 (rˆ) = rˆ
3 and hˆQ2 (rˆ) = −rˆ3∂rˆ[F (1, 4; 6; 2/rˆ)/rˆ4]/4,
where F (a, b; c; z) is a hypergeometric function. Then,
the general exterior solution is given by
h`(r) = b
P
` hˆ
P
2 (rˆ) + b
Q
` hˆ
Q
2 (rˆ) , (43)
8where, again, the ratio of the coefficients bP` and b
Q
` are
determined by matching yσ` (rˆ) ≡ (r/h`)(dh`/dr) at the
NS surface, which yields
b` ≡ b
Q
`
bP`
= − hˆ
P
`
′(C−1)− Cyσ` (C−1)hˆP` (C−1)
hˆQ`
′(C−1)− Cyσ` (C−1)hˆQ` (C−1)
. (44)
One can show that σ¯` is obtained from b` via [2]
σ¯` =
`− 1
4(`+ 2)(2`− 1)!!b` . (45)
In Fig. 6, we plot σ¯2 against C for various EoSs.
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FIG. 6. (Color online) σ¯2–C relation for NSs and QSs with
various EoSs. We also show the relations for the n = 1 and
n = 0 polytropes at 1PN order.
Next, let us derive σ¯2 in the Newtonian limit [2].
Eqs. (41) and (45) in this limit are given by
d2h`
dr2
=
`(`+ 1)
r2
h` , (46)
and
σ¯N` =
`− 1
4(`+ 2)(2`− 1)!!
`+ 1− yσ`
`+ yσ`
1
C2`+1
, (47)
respectively. Since Eq. (46) does not depend on p nor
ρ, the solution that is regular at the NS center has the
form hN` ∝ r`+1 both the NS interior and exterior, which
means that bQ` = 0, leading to σ¯
N
` = 0. This is consistent
with the fact that there is no Newtonian analogue for the
magnetic-type tidal deformabilities. Going to 1PN order,
one finds [2]
yσ` (R∗) = (`+ 1)
{
1 +
`+ 2
`+ 1
1
R2`+1∗
∫ R∗
0
drr2`
×
[
2(`− 2)M
r
+ 4pi(ρ− p)r2
]}
, (48)
where the first and second terms correspond to the New-
tonian and 1PN terms, respectively. In particular, σ¯2 to
1PN order is given by
σ¯1PN2 = −
pi
15
1
M5∗
∫ R∗
0
dr(ρ− p)r6 . (49)
For the n = 1 and n = 0 polytropes, σ¯1PN2 is given by [2]
σ¯
1PN,(n=1)
2 = −
1
60
(
1− 20
pi2
+
120
pi4
)
1
C6
, (50)
σ¯
1PN,(n=0)
2 = −
1
140
1
C6
, (51)
respectively. These relations at 1PN order are also shown
in Fig. 6.
3. Shape
Finally, we will calculate the shape tidal deforma-
bility η¯`. From the fact the the logarithmic enthalpy
h¯ ≡ ∫ p
0
dp/(ρ + p) vanishes at the NS surface and using
Eqs. (20) and (28), one finds [2]
δR`
R∗
= −1
2
[
1− 2C
C
H`(R∗) +K`(R∗)
]
. (52)
In the Regge-Wheeler gauge, K`(R∗) can be obtained
from a linear combination of H`(R∗) and H ′`(R∗) as [80]
K`(R∗) = α1R∗H ′`(R∗) + α2H`(R∗) , (53)
with
α1 =
2C
(`− 1)(`+ 2) , (54)
α2 =
1
(`− 1)(`+ 2)
[
`(`+ 1) +
4C2
1− 2C − 2(1− 2C)
]
.
(55)
By substituting Eq. (53) into Eq. (52) and using Eq. (31),
one obtains
δR`
R∗
= −H`(R∗)
2
(
1− 2C
C
+ yλ` (R∗)α1 + α2
)
. (56)
Following [2], we define the `-th component of the dis-
turbing potential U`(R∗) to be the leading asymptotically
growing part in −H`/2 at r = R∗, i.e.
U`(R∗) = −1
2
aP`
C`
. (57)
Rewriting aP` and a
Q
` in terms of U` and a` ≡ aQ` /aP`
using the above equation, one finds
− 1
2
H(R∗) = C`Pˆ`2(x)
[
1 + a`
Qˆ`2(x)
Pˆ`2(x)
]
U`(R∗) . (58)
9From Eqs. (13), (56) and (57), one finally obtains
η¯` =
2
(2`− 1)!!
Pˆ`2(xc)
C`
(
1− 2C
C
+ yλ` α1 + α2
)
×
(
1− ∂x ln Pˆ`2(xc)− Cy
λ
` (R∗)
∂x ln Qˆ`2(xc)− Cyλ` (R∗)
)
=
{[
2λ¯`Qˆ`2(xc) +
2
(2`− 1)!! Pˆ`2(xc)
]
[1 + (α2 − 2)C]
+
[
2λ¯`Qˆ
′
`,2(xc) +
2
(2`− 1)!! Pˆ
′
`,2(xc)
]
α1
}
1
C`+1
,
(59)
where we used Eqs. (32) and (33) to rewrite yλ` (R∗) in
terms of λ¯`. In the Newtonian limit, one finds
η¯N` = 2λ¯
N
` +
2
(2`− 1)!!
1
C2`+1
. (60)
Figure 7 shows η¯2 and η¯3 against C for various EoSs,
together with the Newtonian lines for the n = 1 and the
n = 0 polytropes. Similar relation holds for η¯4. Notice
that NS and QS curves almost lie on top of each other.
This is different from the λ¯`–C and σ¯`–C relations shown
in Figs. 5 and 6. Figure 7 already indicates that the
universal relations exist among η¯`, which we will discuss
next.
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FIG. 7. (Color online) η¯2–C (top) and η¯3–C (bottom) rela-
tions for NSs and QSs with various EoSs. We also show the
Newtonian relations for the n = 1 and n = 0 polytropes.
IV. UNIVERSAL RELATIONS
In this section, we first plot λ¯`, σ¯` and η¯` calculated in
the previous section against each other to show the uni-
versal relations. Next, we carry out an analytic analysis
to show that the universal relation roughly holds for the
n = 1 and n = 0 polytropes in the Newtonian limit.
The top panels of Figs. 8 and 9 show the universal
λ¯3–λ¯2, λ¯4–λ¯2 and σ¯2–λ¯2 relations for NSs (red) and QSs
(green) with various realistic EoSs. We also show the re-
lations for the n = 1 (blue) and n = 0 (black) polytropes.
We show the NS mass for the APR EoS on the top axis as
a reference. The single parameter that characterizes the
curves is the mass or compactness. One sees that the re-
lations do not depend strongly on the EoS. We construct
a fitting function (including only the realistic EoSs) of
the form
ln yi = ai + bi lnxi + ci(lnxi)
2 + di(lnxi)
3 + ei(lnxi)
4 ,
(61)
where the fitted coefficients are shown in Table I. To in-
clude the accuracy of the fit, we construct the NS and
QS fit separately. The fitted curves are shown as solid
ones in each top panel of the figures. In the bottom
panels, we show a fractional difference between the nu-
merical and the fitted values. One sees that the uni-
versality holds to O(1)–O(10)%. Among the EoSs con-
sidered here, the QS relations are tighter than those for
NSs. Observe that as one increases the compactness,
both the NS and QS branches approach the black hole
(BH) limit [2, 3, 6, 83, 84], λ¯BH` = 0 = σ¯
BH
` . Observe also
that the NS relations are similar to that of the n = 1
polytrope, while those for QSs are similar to that of the
n = 0 polytrope. The latter is expected since the outer
layer of a QS behaves as a constant density star.
The top panels of Fig. 10 shows the universal η¯3–η¯2
and η¯4–η¯2 relations. We again construct fitting functions
given in Eq. (61) with the coefficients shown in Table I.
The fractional difference between the numerical and fit-
ted values are shown in the bottom panel of Fig. 10. The
BH shape Love numbers are calculated in [85], which then
leads to the BH shape tidal deformabilities as
η¯BH` =
22`+1(`+ 1)!(`!)2
(2`− 1)!!(2`)!(`− 1) , (62)
where we used CBH = 1/2. In particular, η¯BH2 ≈ 10.7,
η¯BH3 ≈ 5.12 and η¯BH4 ≈ 2.79, which are shown as big black
crosses in Fig. 10. Observe that the universal relations
approach the BH limit as one increases the compactness.
Next, we follow [52] and we derive analytic relations
for the n = 1 and the n = 0 polytropes in the Newto-
nian limit. From Eqs. (36)–(39), (50), (51) and (60), one
derives
λ¯N3 = Cλ¯3λ¯2
(
λ¯N2
)7/5
, (63)
λ¯N4 = Cλ¯4λ¯2
(
λ¯N2
)9/5
, (64)
σ¯1PN2 = Cσ¯2λ¯2
(
λ¯N2
)6/5
, (65)
η¯N3 = Cη¯3η¯2
(
η¯N2
)7/5
, (66)
η¯N4 = Cη¯4η¯2
(
η¯N2
)9/5
, (67)
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FIG. 8. (Color online) (Top) Universal λ¯3–λ¯2 (left) and λ¯4–λ¯2 (right) relations for NSs (red) and QSs (green) with various
realistic EoSs. We also show the relations with the n = 1 (blue) and n = 0 (black) polytropes, together with their Newtonian
limit. The single parameter along the curves is the mass or compactness. We construct fitting formulas for NSs and QSs with
the realistic EoSs given by Eq. (61), which are shown with solid curves. As a reference, we show the NS mass for the APR EoS
on the top axis. (Bottom) Fractional difference of each curve to the fitting formulas.
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FIG. 9. (Color online) (Top) Universal |σ¯2|–λ¯2 relation for
NSs and QSs with various EoSs. The meaning of each curve
is same as in Fig. 8. Observe that the NS relations are similar
to that of the n = 1 polytrope, while the QS relations are
similar to that of the n = 0 polytrope. (Bottom) Fractional
difference of each curve to the fitting formula.
where the coefficients for the n = 1 polytropes are given
by
C
(n=1)
λ¯3λ¯2
= − (2pi
2 − 21)pi4/5
33/5(15− pi2)7/5 ≈ 0.165 , (68)
C
(n=1)
λ¯4λ¯2
=
34/5pi8/5(pi4 − 105pi2 + 945)
35(15− pi2)14/5 ≈ 0.0269 ,(69)
C
(n=1)
σ¯2λ¯2
= −3
1/5(pi4 − 20pi2 + 120)
20pi8/5(15− pi2)6/5 ≈ −0.0281 , (70)
C
(n=1)
η¯3η¯2 =
7 103/5pi4/5(15− pi2)
2250
≈ 0.159 , (71)
C
(n=1)
η¯4η¯2 =
3pi8/5(21− 2pi2)
35 104/5(15− pi2) ≈ 0.0208 , (72)
and the ones for the n = 0 polytropes are given by
C
(n=0)
λ¯3λ¯2
=
22/5
10
≈ 0.132 , (73)
C
(n=0)
λ¯4λ¯2
=
24/5
105
≈ 0.0166 , (74)
C
(n=0)
σ¯2λ¯2
= −2
1/5
70
≈ −0.0164 , (75)
C
(n=0)
η¯3η¯2 =
7 32/5
2 512/5
≈ 0.114 , (76)
C
(n=0)
η¯4η¯2 =
39/5
7 514/5
≈ 0.0114 . (77)
These analytic results in the Newtonian limit are shown
in Figs. 8, 9 and 10 as the dotted-dashed (the n = 1
polytropes) and dashed (the n = 0 polytropes) curves
respectively. Observe that the numerical values approach
such Newtonian curves as one decreases the compactness.
Interestingly, the Newtonian relations for the shape tidal
deformabilities serve as a good approximation even for
high compactness stars. By taking the ratio between the
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FIG. 10. (Color online) (Top) Universal η¯3–η¯2 (left) and η¯4–η¯2 (right) relations for NSs and QSs with various EoSs. The
meaning of each curve is same as in Fig. 8. The big black cross shows the non-spinning BH values given by Eq. (62). Observe
that the Newtonian curves give a good approximation throughout. (Bottom) Fractional difference of each curve to the fitting
formulas.
coefficients of the n = 0 and the n = 1 polytropes, one
finds
C
(n=0)
λ¯3λ¯2
C
(n=1)
λ¯3λ¯2
=
22/533/5(15− pi2)7/5
10pi4/5(21− 2pi2) ≈ 0.799 , (78)
C
(n=0)
λ¯4λ¯2
C
(n=1)
λ¯4λ¯2
=
24/5(15− pi2)14/5
39/5pi8/5(pi4 − 105pi2 + 945) ≈ 0.616 , (79)
C
(n=0)
σ¯2λ¯2
C
(n=1)
σ¯2λ¯2
=
26/5pi8/5(15− pi2)6/5
31/57(pi4 − 20pi2 + 120) ≈ 0.585 , (80)
C
(n=0)
η¯3η¯2
C
(n=1)
η¯3η¯2
=
312/5
23/5pi4/5(15− pi2) ≈ 0.719 , (81)
C
(n=0)
η¯4η¯2
C
(n=1)
η¯4η¯2
=
64/5(15− pi2)
5pi8/5(21− 2pi2) ≈ 0.547 . (82)
If the universality between the n = 1 and the n = 0
polytropes in the Newtonian limit holds exactly, the ra-
tio of the coefficients becomes unity. One sees that the
deviation from the universality between these two EoSs
in the limit is to 20–45%. Therefore, the universality is
not as good as the one for the I-Love-Q relations, where
the deviation from the universality between the two EoSs
has been shown to be less than 1% [52]. From Figs. 8, 9
and 10, one sees that the universality holds better among
the realistic EoSs.
V. APPLICATIONS TO
GRAVITATIONAL-WAVE PHYSICS
In this section, we show how the universal relations
found in this paper bring about benefits to GW parame-
ter estimation. For simplicity, we consider non-spinning
NS binaries with masses m1 and m2 in a circular orbit
7.
A. Gravitational Waveform Phase
In this subsection, we show how tidal deformabilities
enter in the gravitational waveform phase. Let us denote
the gravitational waveform h(t) in the time domain as
h(t) = 2A(t) cosφ(t) , (83)
where A(t) and φ(t) are the amplitude and the phase,
respectively. One can express the waveform h˜(f) in the
Fourier domain as
h˜(f) = A(f) exp[iΨ(f)] , (84)
where, again, A(f) and Ψ(f) are the amplitude and
phase, respectively. To the leading PN order, the sky-
averaged amplitude is given by [62]
A(f) = 1√
30pi2/3
M5/6
DL
f−7/6 . (85)
7 For spinning NS binaries with the finite size effect, see e.g. [51,
52, 86].
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yi xi NS/QS ai bi ci di ei
λ¯3 λ¯2 NS -1.15 1.18 2.51× 10−2 −1.31× 10−3 2.52× 10−5
QS -0.554 0.863 7.99× 10−2 −5.39× 10−3 1.35× 10−4
λ¯4 λ¯2 NS -2.45 1.43 3.95× 10−2 −1.81× 10−3 2.80× 10−5
QS -1.33 0.808 0.146 −9.82× 10−3 2.46× 10−4
σ¯2 λ¯2 NS 0.126 0.617 2.81× 10−2 3.59× 10−4 −3.61× 10−5
QS 0.517 0.340 7.50× 10−2 −3.55× 10−3 7.21× 10−5
η¯3 η¯2 NS -1.64 1.36 2.86× 10−3 2.65× 10−5 −2.31× 10−6
QS 0.494 0.514 0.119 -7.29× 10−3 1.67× 10−4
η¯4 η¯2 NS -4.89 2.38 -0.103 7.57× 10−3 −1.91× 10−4
QS 4.85× 10−2 0.318 0.198 −1.21× 10−2 2.77× 10−4
TABLE I. Estimated numerical coefficients for the fitting formula of the multipole Love relations for NSs and QSs given in
Eq. (61).
where DL is the luminosity distance and M ≡ mη3/5 is
the chirp mass with the total mass m ≡ m1 + m2 and
the symmetric mass ratio η ≡ m1m2/m2. Ψ(f) can be
divided into a contribution from the point particle limit
ΨPP and the one from the finite size effect, ΨFS. To full
order in η, ΨPP(f) is known analytically up to 3.5PN
order (up to n = 7) [87].
Next, let us focus on ΨFS(f). We first estimate the PN
order of the electric-type tidal correction. Two types of
tidal corrections to the point-particle phase exist, namely
(i) conservative and (ii) dissipative. Let us first look at
the former. The radial acceleration in the binary sys-
tem aλ¯`r due to the tidally-induced `-th mass multipole
moment MTL ∝ λ¯`
(
∂Lr
−1) |r=r12 is proportional to [88]
aλ¯`r ∝
MTL
r`+212
∝ λ¯`
r2`+312
, (86)
where r12 is the separation between body 1 and 2. Com-
paring this to the leading Newtonian point-particle ac-
celeration, aPPr ∝ r−212 , one finds the conservative electric-
type tidal correction as
aλ¯`r
aPPr
∝ λ¯`
r2`+112
∝ λ¯`v2(2`+1) . (87)
Here, v is the orbital velocity of the binary constituent
and we have used the Kepler’s Law, r−112 ∝ v2.
On the other hand, one can derive the tidal dissipative
correction by calculating corrections to the energy flux.
The energy flux due to the tidally-induced `-th mass mul-
tipole moment is given by
E˙λ¯` ∝ d
`+1MBL
dt`+1
d`+1MTL
dt`+1
∝ λ¯`ω2(`+1) r
`
12
r`+112
∝ λ¯`v2(3`+4) , (88)
where ω(∝ v3) is the orbital angular velocity and MBL ∝
r`12 is the `-th binary mass multipole moment. Compar-
ing this to the leading quadrupole point-particle emis-
sion [62], E˙PP ∝ v10, one finds
E˙λ¯`
E˙PP
∝ λ¯`v2(3`−1) . (89)
Therefore, the conservative and dissipative tidal correc-
tions become comparable in the PN sense for ` = 2, and
the former dominates the latter for ` > 2. The electric-
type tidal correction is of (2`+1)PN order relative to the
leading Newtonian.
Next, we estimate the PN order of the magnetic-type
tidal correction. For non-spinning binaries, the magnetic-
type tidal correction to the radial acceleration does not
exist [88]. On the other hand, the magnetic-type tidal
correction to the energy flux is given by
E˙σ¯` ∝ d
`+1SBL
dt`+1
d`+1STL
dt`+1
∝ σ¯`ω2(`+1)v2 r
`
12
r`+112
∝ σ¯`v2(3`+5) , (90)
where SBL ∝ r`12v and STL ∝ σ¯`v
(
∂Lr
−1) |r=r12 are the
`-th binary and tidally-induced current multipole mo-
ments, respectively. Again, by comparing this to E˙PP,
one finds
E˙σ¯`
E˙PP
∝ σ¯`v6` . (91)
Therefore, the magnetic-type tidal correction is of (3`)PN
order relative to the leading Newtonian.
The leading finite size effect enters at 5PN order rel-
ative to the Newtonian term due to a contribution from
λ¯2 [18], while the one from λ¯3 enters at 7PN order [16, 18].
Extending these results, we derive the leading finite size
effect from λ¯` on the gravitational waveform phase as
Ψλ¯` = −
2∑
A=1
[
5
16
(2`− 1)!!(4`+ 3)(`+ 1)
(4`− 3)(2`− 3) λ¯
A
` X
2`−1
A x
2`−3/2
13
+
9
16
δ`2λ¯
A
2
X4A
η
x5/2
]
+O
(
x2`−1/2
)
, (92)
where x ≡ (pimf)2/3, A,B = 1, 2 with A 6= B, and
XA = mA/m. (See Appendix A 1 for the derivation.)
The first and second terms correspond to the conserva-
tive and dissipative contributions respectively. We have
checked that the above formula agrees with the previous
results for the ` = 2 and ` = 3 cases mentioned above.
The leading 6PN effect due to the contribution from σ¯2
is given by
Ψσ¯2 =
2∑
A=1
5
224
σ¯A2
X5A
η
(XA −XB)x7/2 +O(x9/2) . (93)
(See Appendix A 2 for the derivation.) Notice that the
leading term in Ψσ¯2 vanishes for an equal-mass binary
(X1 = X2). Therefore, the total finite-size effect Ψ
FS(f)
can be written as
ΨFS(f) =
∑
`=2
(
Ψλ¯` + Ψσ¯`
)
=
∑
`=2
2∑
A=1
 ∑
n=2(2`+1)
ψλ¯`,An/2 x
(−5+n)/2
+
∑
n=6`
ψσ¯`,An/2 x
(−5+n)/2
]
.
(94)
The first six ψλ¯2,An/2 [25] are listed in Appendix B, while
ψλ¯`,A2`+1 and ψ
σ¯2,A
3` can be read off from Eqs. (92) and (93)
respectively.
B. Useful Number of GW Cycles
Let us now consider the useful number of GW cy-
cles [58] of each term in the phase. The optimal SNR
ρ is defined by
ρ ≡
√
(h|h) , (95)
where the inner product (A|B) is defined by
(A|B) ≡ 2
∫ fmax
fmin
A˜∗(f)B˜(f) + A˜(f)B˜∗(f)
Sn(f)
df , (96)
with A˜ and B˜ corresponding to the Fourier transform of
A and B respectively. Sn(f) is the spectral noise den-
sity shown in Fig. 11 for (zero-detuned) Adv. LIGO [89],
LIGO III [59] and ET-B [61]. The fitting formulas of
the noise curve for Adv. LIGO and ET-B are given in
Ref. [90] and Refs. [91, 92] respectively. The one for
LIGO III is provided in Appendix C. fmin and fmax
in the above equation are the minimum and maximum
cutoff frequencies respectively. We set fmin = 10 Hz
for Adv. LIGO and LIGO III while fmin = 1 Hz for
ET-B, and fmax = min(fISCO, fcont). Here, fISCO ≡
(63/2pim)−1 is the frequency at the innermost-stable cir-
cular orbit (ISCO) of a point-particle in Schwarzschild
spacetime and fcont is the approximate frequency at con-
tact given by fcont =
√
m/(R∗,1 +R∗,2)3/pi. fcont for
the SLy and Shen EoSs, together with fISCO are shown
in Fig. 12.
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FIG. 11. (Color online) Noise spectral density for (zero-
detuned) Adv. LIGO [89] (red solid), LIGO III [59] (green
dotted) and ET-B [61] (blue dashed).
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FIG. 12. (Color online) Frequency at ISCO (red solid) and
contact with SLy (green dotted) and Shen (magenta dotted-
dashed) EoSs. We assume equal-mass, non-spinning NS/NS
binaries.
The total number of GW cycles N is defined by [93]
N =
∫ fmax
fmin
Ninst(f) d ln f , (97)
where the instantaneous number of GW cycles Ninst(f)
14
is defined by
Ninst(f) ≡ f
2pi
dφ
df
=
f2
f˙
. (98)
Here we recall that φ(t) is the GW phase defined in
Eq. (83) and we used φ˙ = 2pif . f˙ is calculated from
Ψ(f) as f˙ = (2/pi)(d2Ψ/dω2)−1 [see Eq. (A9)]. However,
a more useful quantity would be the one that accounts for
the weight of the detector noise. In other words, the only
cycles that would be useful are those that contribute most
to the SNR. Following [58], we define the useful number
of GW cycles Nuseful as
Nuseful =
(∫ fmax
fmin
df
f
w(f)Ninst(f)
)(∫ fmax
fmin
df
f
w(f)
)−1
,
(99)
where w(f) is defined as
w(f) ≡ A(t)
2
fSn(f)
. (100)
We remind the reader that A(t) is the GW amplitude
defined in Eq. (83). t is given in terms of f to leading
PN order as [62] t(f) = tc − 5M−5/3(8pif)−8/3 with tc
representing the time of coalescence.
Figures 13, 14 and 15 show useful number of GW cy-
cles of each finite-size term in the GW phase against a
NS mass for the SLy (left) and Shen (right) EoSs with
Adv LIGO, LIGO-III and ET-B. We assumed equal-
mass, non-spinning NS/NS binaries when calculating the
plot. We have checked that the useful number of GW cy-
cles for the APR and LS220 EoSs lie in between the SLy
and Shen ones shown in the plots. The contribution from
σ¯2 is not shown in the plot since the leading contribution
of σ¯2 in GW phase vanishes for an equal-mass binary.
For a reference, we show 1/ρ at the luminosity distance
of DL = 100 Mpc with black dashed curves. Roughly
speaking, any terms in f˙ [or equivalently, Ψ(f)] whose
useful number of GW cycles are above the 1/ρ curve
would affect GW parameter estimation. Since the useful
number of GW cycles are normalized as in Eq. (99), it
reflects the shape of the noise curve but not the over-
all magnitude. Figures 13 and 14 show that the useful
number of GW cycles for Adv. LIGO and LIGO-III are
similar, since the shape of the noise curves is similar. On
the other hand, the ET-B curves in Fig. 15 have values
smaller than those for Adv. LIGO and LIGO-III. This is
because the latter shape is broader, and hence are more
sensitive on the high-frequency region.
Now, let us focus onNuseful from the tidal contribution.
One also sees that Nuseful decreases as one increases the
NS mass. This is because the NS compactness decreases
as one increases the NS mass, which then decreases λ¯`.
Figures 13, 14 and 15 show that λ¯3 is important in per-
forming parameter estimation for LIGO III and ET-B.
In this case, the universal λ¯3–λ¯2 relation helps in ex-
pressing λ¯3 in terms of λ¯2, which reduces the number of
parameters and breaks the degeneracy between the tidal
parameters.
C. Parameter Estimation
We will next show the importance and the impact of
using the universal relations found in this paper on a
parameter estimation. The statistical error of parameters
θi can be estimated by [62, 94, 95]
∆θistat =
√
(Γ−1)ii , (101)
where Γij is the Fisher matrix defined by
Γij ≡ (∂ih|∂jh) , (102)
with ∂i ≡ ∂/∂θi and the inner product is define by
Eq. (96).
As we explained in Sec. V A, the GW phase can be
decomposed into the point-particle and finite-size parts.
For the former, we keep up to 3.5PN order. Higher PN
terms can give non-negligible systematic errors as shown
in [34, 35], but we here focus on the statistical errors on
tidal deformabilities and have checked that the inclusion
of the such terms to leading order in the mass ratio does
not affect the statistical errors. For the latter phase, we
keep the first six terms (up to 7.5PN) that depend on
λ¯2 and the leading term of λ¯3. We define the averaged
dimensionless `-th electric tidal deformability λ¯`,s and its
difference λ¯`,a as [52]
λ¯`,s ≡ λ¯
1
` + λ¯
2
`
2
, λ¯`,a ≡ λ¯
1
` − λ¯2`
2
, (103)
where λ¯A` denotes λ¯` of the A-th body. Notice that λ¯`,s =
λ¯1` = λ¯
2
` and λ¯`,a = 0 for an equal-mass binary. Then,
the terms that depend on λ¯2 and λ¯3 in the phase can be
expressed as
Ψλ¯2 = −
9
16
x5/2
η
[
λ¯2,sΨˆλ¯2,s(X1, X2, x)
+λ¯2,aΨˆλ¯2,a(X1, X2, x)
]
, (104)
Ψλ¯3 = −
125
12
x9/2
[
λ¯3,sΨˆλ¯3,s(X1, X2, x)
+λ¯3,aΨˆλ¯3,a(X1, X2, x)
]
, (105)
where Ψˆλ¯2,s , Ψˆλ¯2,a , Ψˆλ¯3,s and Ψˆλ¯3,a are functions of X1,
X2 and x. Following [25], for simplicity, we neglect the
mass dependence on Ψˆλ¯2,s and Ψˆλ¯3,s when calculating
the Fisher matrix.
In this subsection, we assume equal-mass NS binaries
with a circular orbit and neglect the effect of λ¯`,a. There-
fore, we have seven parameters in total:
θi = (lnM, ln η, tc, φc, lnDL, λ¯2,s, λ¯3,s) . (106)
For fiducial signal values, we set η = 1/4, tc = 0 = φc,
DL = 100Mpc and vary M∗(= m1 = m2).
Figure 2 shows the statistical errors on ln λ¯2,s against
M∗ with and without using the universal relations for
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FIG. 13. (Color online) Useful number of cycles for various terms in the GW phase with the SLy (left) and Shen (right) EoSs
and using Adv. LIGO. As a reference, we plot 1/ρ for an equal-mass NS binary at DL = 100Mpc as a black dashed line. One
can roughly say that the useful number of GW cycles above this curve can be important for a parameter estimation.
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FIG. 14. (Color online) Same as Fig. 13 but with LIGO III.
LIGO III and ET-B with the SLy and Shen EoSs. Since
λ¯`,s = λ¯
A
` for an equal-mass binary, one can use the λ¯3–
λ¯2 relation found in the previous section as the λ¯3,s–λ¯2,s
relation. When calculating the one with the universal
relations, we do not include λ¯3,s into parameters since
one can express them in terms of λ¯2,s. For the parame-
ter estimation without using the universal relations, we
include λ¯3,s into parameters. One sees that the mea-
surement accuracy increases by a factor of 5 if one uses
the relation, essentially reducing the statistical errors to
the level where λ¯3,s is not taken into account
8. In the
8 Statistical errors with the universal relation are not the same as
the ones where λ¯3,s is not taken into account since the former
has an additional information on λ¯2,s from the term in the GW
figure, we also show systematic errors on ln λ¯2,s due to
the difference between the fitting formula and actual val-
ues on λ¯3,s, shown in the bottom left panel of Fig. 1
or Fig. 8. One sees that statistical errors dominate sys-
tematic errors due to the fitting, which validates the use
of the fitting formula for the universal relations in GW
parameter estimation.
phase proportional to λ¯3,s. However, we have checked that the
difference is rather small.
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FIG. 15. (Color online) Same as Fig. 13 but with ET-B.
D. Unequal-Mass Systems
Now, let us relax the assumption that m1 = m2 and
consider GWs from unequal-mass binaries. For such bi-
naries, in principle, one needs to account for both λ¯2,s
and λ¯2,a in the model tidal parameters. However, this
will produce a strong correlation between these two tidal
parameters and will deteriorate the measurement accu-
racy of λ¯2,s compared to the equal-mass case. Therefore,
we first ask the following question: Up to what mass dif-
ference can one safely neglect the contribution of λ¯2,a?
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FIG. 16. (Color online) Useful number of GW cycles for
terms proportional to λ¯2,a in the GW phase against ∆m ≡
m1 −m2, where we set the averaged mass to m/2 = 1.4M.
We consider using Adv. LIGO (red), LIGO III (green) and
ET-B (blue) with the SLy (dotted) and Shen (dotted-dashed)
EoSs. As a reference, we plot 1/ρ for a NS binary at DL =
100Mpc for each all detectors. Observe that Nuseful is below
the threshold 1/ρ if ∆m < 0.2M, ∆m < 0.1M and ∆m <
0.07M for Adv. LIGO, LIGO III and ET-B respectively.
We can answer this question by calculating the useful
number of GW cycles of terms that are proportional to
λ¯2,a in the GW phase, which we present in Fig. 16. Here,
we set the averaged mass to m/2 = 1.4M and plot
Nuseful against ∆m = m1 − m2 for Adv. LIGO (red),
LIGO III (green) and ET-B (blue) with the SLy (dotted)
and Shen (dotted-dashed) EoSs. For reference, we also
plot 1/ρ for each detector, assuming that the source is
at DL = 100Mpc. Again, λ¯2,a would affect parameter
estimation if Nuseful is above the threshold 1/ρ. One sees
that λ¯2,a has a larger effect with the Shen EoS than the
SLy one (if one fixes ∆m). Figure 16 shows that for
Adv. LIGO, one does not need to take λ¯2,a into account
if ∆m < 0.2M for m/2 = 1.4M. For LIGO III and
ET-B, the allowed range on ∆m reduces to ∆m < 0.1M
and ∆m < 0.07M respectively.
For an unequal-mass system, one might wonder if one
is still allowed to use the universal λ¯3–λ¯2 relation found
in this paper that reduces to the universal λ¯3,s–λ¯2,s rela-
tion in the equal-mass case. The top panel of Fig. 17
presents the λ¯3,s–λ¯2,s relation for both ∆m = 0 and
∆m = 0.1M. For reference, we show the fit with the
black solid curve obtained for equal-mass binaries. On
the bottom panel, we show the fractional difference be-
tween each curve and the fit. One sees that although
the fractional difference becomes larger for unequal-mass
binaries, the fit for equal-mass binaries is still valid to
O(5)% accuracy in the parameter range shown in the
figure, even when ∆m = 0.1M. This shows that for
binaries where λ¯2,a can safely be neglected, one can still
use the λ¯3–λ¯2 relation as the λ¯3,s–λ¯2,s one.
Finally, let us here discuss how σ¯2 would contribute
to nearly equal-mass binaries. We first take the ratio of
ψσ¯26 and ψ
λ¯2
6 (which both give a 6PN term contribution
to the phase relative to the point-particle Newtonian),
17
103
104
105
λ 3
,s
APR
SLy
LS220
Shen
fit with ∆m=0
102 103 104
λ2,s
10-3
10-2
|λ 3
,s-
λ 3
,s(
fit
) |/λ
3,
s(f
it)
∆m=0.1MO.
∆m=0
0.781.21.7
M
*
 (APR) [M
o.
]
FIG. 17. (Color online) (Top) The universal λ¯3,s–λ¯2,s re-
lation for both equal-mass (which is the same as the λ¯3–λ¯2
relation shown in Figs. 1 and 8) and unequal-mass systems
with ∆m = 0.1M. We also show the fit (black solid) ob-
tained for ∆m = 0. (Bottom) Fractional difference between
the numerical values and the fit for ∆m = 0. Observe that
the the fit for ∆m = 0 still holds to O(5)% accuracy for
∆m = 0.1M.
which for m1 ≈ m2 becomes
ψσ¯26
ψλ¯26
≈ − 16
13083
(X1 −X2) σ¯2
λ¯2
≈ O(10−5)
(
δm
0.03
)
, (107)
where δm ≡ X1 − X2[= (m1 − m2)/m] and we used
|σ¯2| ∼ λ¯2, as can be seen in Fig. 9. This shows that
for nearly equal-mass binaries, the leading σ¯2 contribu-
tion on Nuseful is O(105) times smaller than the contribu-
tion from the 6PN λ¯2 contribution. Therefore, one can
safely neglect the contribution from σ¯2 when performing
parameter estimation.
VI. CONCLUSIONS AND DISCUSSIONS
Similar to the I-Love-Q relations [51, 52], we found
new universal relations among the electric, magnetic and
shape dimensionless tidal deformabilities of NSs and QSs
that do not depend strongly on the EoS. Especially, the
QS tidal deformabilities (except for the ` = 2 electric
tidal one [16, 17]) have been calculated for the first time.
Such universal relations are especially useful to GW
physics since they allow us to reduce the number of tidal
parameters that are needed to be fitted via matched fil-
tering. First, we derive the leading contribution of λ¯`
and σ¯2 to the GW phase from a NS binary inspiral and
found that they enter at 2` + 1 and 6 PN orders, re-
spectively. We next calculated the useful number of GW
cycles of each finite-size terms in the phase and showed
that, for LIGO III and ET-B, one needs to take λ¯3,s into
account as well as λ¯2,s for parameter estimation. As rec-
ommended in [25], it would be better to include such
higher multipolar tidal deformabilities when analyzing
real GW data.
We then estimated the statistical errors on ln λ¯2,s using
a Fisher analysis, where we include both λ¯2,s and λ¯3,s
into the model tidal parameters. By using the universal
λ¯3–λ¯2 relation, one can break the degeneracy between
λ¯2,s and λ¯3,s, and improves the measurement accuracy
of ln λ¯2,s by a factor of 5, which essentially reduces to
the one where only λ¯2,s is included into the model tidal
parameters. The use of the universal relation is limited
by the systematic error due to the fit. We have checked
that the statistical errors on ln λ¯2,s are larger than the
systematic error from the fit. However, such systematic
errors can become larger just before merger, where the
adiabatic approximation breaks down and one needs to
consider dynamical tides instead [54].
Since the tidal deformability parameters are different
for the two binary constituents, in principle, one needs to
account for two ` = 2 electric tidal parameters. In this
paper, we used λ¯2,s and λ¯2,a to parameterize this depen-
dence. We estimated the useful number of GW cycles
for λ¯2,a and, comparing this to the 1/ρ threshold for a
source at DL = 100Mpc, we found that one can safely ne-
glect λ¯2,a for GW parameter estimation with Adv. LIGO
if ∆m < 0.2M and an averaged mass m/2 = 1.4M.
We also showed that the λ¯3,s–λ¯2,s relation can still be
valid for unequal-mass binaries to O(5)% accuracy for
∆m < 0.1M.
Although λ¯2,s and λ¯2,a have a clear physical meaning,
a better choice of parameters may exist for parameter
estimation. One possible choice is the one made in [34],
where one takes the primary tidal parameter to be the
one that enters at 5PN order (and such parameter agrees
with the individual tidal parameter for an equal-mass bi-
nary). Then, unlike λ¯2,a that also enters at 5PN order,
the other parameter (which vanishes for an equal-mass
binary) enters only at 6PN order. This means that the
systematic error due to not including this second param-
eter for nearly equal-mass system becomes smaller than
that discussed in this paper.
We checked that the statistical errors on ln λ¯3,s with
Adv. LIGO, LIGO III and ET-B are all above unity,
which means that the detectors considered here are not
sensitive enough to actually measure ln λ¯3,s. This is
because a strong correlation exists between λ¯2 and λ¯3.
However, they can still place an upper bound, which
allows us to perform a model-independent and EoS-
independent test of GR, similar to the one explained
in [51, 52]. Namely, one can draw an error box around a
measured central value in the λ¯2–λ¯3 plane. One can rule
out any coupling constants in modified gravity theories
that do not produce the curve in this plane that goes
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through the error box. Such a possibility is worth look-
ing at in future, together with the calculation of the tidal
deformabilities in theories other than GR [51, 52, 96].
In this paper, we focused on GWs from non-spinning
NS/NS binary inspirals in quasi-circular orbits. As dis-
cussed in [34], the systematic errors on ln λ¯2,s due to not
including the NS’s spins and eccentricities are negligible
compared to the statistical errors. On the other hand, the
systematic errors due to not including higher PN terms
can be important, as showed in [34, 35].
Although we found that λ¯3,s can be important for pa-
rameter estimation with third-generation GW detectors,
other unknown tidal terms in the GW phase can also
be important. For example, the 7PN tidal term has not
been calculated completely yet. One may expect that
the unknown 7PN tidal terms will be smaller than the
known lower-order terms [25]. However, this does not
mean that such unknown terms will be unimportant in
GW parameter estimation. The useful number of GW
cycles of such unknown terms can be larger than those
of λ¯3,s. It is important to estimate the unknown tidal
terms in the GW phase that depend on λ¯2 to sufficiently
high PN order.
A parameter estimation study for spinning NS binaries,
using not only the Fisher but also a Bayesian analyses,
shall be discussed elsewhere [86]. It is important to es-
timate tidal deformability parameters for spinning NSs.
Although the linear tidal parameters defined in Eq. (8)
are the most generic ones for non-spinning NSs, one needs
to introduce other tidal parameters for spinning NSs that
would mix the electric and magnetic contributions [2].
Similarly, it would be interesting to investigate how mag-
netic fields would affect tidal deformabilities. One might
be able to tackle these problems perturbatively, assuming
either the spins or magnetic fields are small.
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Appendix A: Derivation of the Tidal Gravitational
Waveform Phase
In this appendix, we show the derivation of Ψλ¯`(f)
and Ψσ¯2(f)[Eqs. (92) and (93) respectively]. For sim-
plicity, we assume that the 1st body is tidally-deformed
due to the 2nd one and treat the latter as a point-particle.
The final expression in the main text can be obtained by
changing the indices 1 and 2, and linearly combining the
2 pieces together.
1. The `-th Electric Tidal Deformability
We start with finding the conservative tidal correction
to the binding energy. The radial acceleration a
λ¯1`
r due
to the tidally-induced `-th multipole moment of the 1st
body MTL,1 is given by [88]
a
λ¯1`
r =
m
r212
[
1 +
(−1)`(2`+ 1)!!
`!
MTL,1n〈rL〉
m1r`12
]
=
m
r212
[
1 + (2`− 1)!!(`+ 1)λ¯1`ηX2`−11
(
m
r12
)2`+1]
,
(A1)
where ni = (xi1 − xi2)/r12 with xiA denoting the position
of the A-th body and XA = mA/m for A = 1, 2. In the
second equality, we have used
MTL,1 = −λ1`∂L
(
−m2
r
) ∣∣∣
r=r12
= (−1)`(2`− 1)!! λ¯1`m2`+11 m2
nL
r`+112
, (A2)
and the STF identity
n〈iL〉nL =
(`+ 1)!
(2`+ 1)!!
ni , (A3)
which can be obtained from the identities [98]
n〈iL〉 = ninL − `
2`+ 1
δi〈a1na2···a`〉 , (A4)
nLnL =
`!
(2`− 1)!! , (A5)
and solving a recurrence equation.
Equating Eq. (A1) with r12ω
2, solving for r12(ω) and
expanding in v = (mω)1/3  1, one obtains the tidally-
modified Kepler’s Law as
r12 =
(m
ω2
)1/3 [
1 +
(2`− 1)!!(`+ 1)
3
λ¯1`ηX
2`−1
1 x
2`+1
]
,
(A6)
where we recall x = v2 = (mω)2/3 = (pimf)2/3. Inte-
grating the equation of motion with respect to r12, one
obtains the binding energy E(r12). Then, substituting
the modified Kepler’s Law above, one finds
E = −1
2
ηmx
[
1− (2`− 1)!!(4`+ 1)
3
λ¯1`ηX
2`−1
1 x
2`+1
]
.
(A7)
Next, we look at the dissipative tidal correction. As
we discuss in Sec. V A, the dissipative tidal correction
is always subdominant for ` > 2, and hence, to lead-
ing order, only ` = 2 matters. Substituting M〈ij〉 =
19
ηmr212n〈ij〉 + δ`2M
T
〈ij〉,1 into the quadrupolar radiation
energy flux formula, E˙ = −〈 ...M 〈ij〉
...
M 〈ij〉〉/5 [99], where
〈· · · 〉 denotes orbital averaging, one finds
E˙ = −32
5
η2x5
[
1 +
4(2`− 1)!!(`+ 1)
3
λ¯1`ηX
2`−1
1 x
2`+1
+6δ`2λ¯
1
2X
4
1x
5
]
, (A8)
where we used the modified Kepler’s Law.
With these conservative and dissipative tidal correc-
tions at hand, one can calculate the correction to the
gravitational waveform phase in the Fourier domain from
the relation [100]
d2Ψ
dω2
= 2
dE
dω
dt
dE
. (A9)
Plugging Eqs. (A7) and (A8) into the above formula and
integrating with respect to ω twice, one finds
Ψ(f) =
3
128
1
η
x−5/2 [1
−40
3
(2`− 1)!!(4`+ 3)(`+ 1)
(4`− 3)(2`− 3) λ¯
1
`ηX
2`−1
1 x
2`+1
−24δ`2λ¯12X41x5
]
. (A10)
One recovers Eq. (92) by taking the correction part of the
above equation, changing the index of body 1 to body 2,
and linearly combining the two parts together.
2. The ` = 2 Magnetic Tidal Deformability
One can obtain Ψσ¯2(f) in a similar manner to Sec. A 1.
As we discuss in Sec. V A, there is no magnetic-type
tidal conservative correction for non-spinning binaries.
For the dissipative correction, one needs the total cur-
rent quadrupole moment, which is given by S〈ij〉 =
−[µδmr212 − 12µσ¯12/r312]kl(jni)kvl. Here, δm ≡ (m1 −
m2)/m and v
i ≡ vi1 − vi2. The first term corresponds to
the binary current quadrupole moment [99] while the sec-
ond term denotes the tidally-induced current quadrupole
moment. Substituting this and M〈ij〉 = ηmr212n〈ij〉 into
the radiation energy flux formula, E˙ = −[〈 ...M 〈ij〉
...
M 〈ij〉 +
(16/9)
...
S 〈ij〉
...
S 〈ij〉〉]/5 [99], one finds
E˙ = −32
5
η2x5
[
1− 2
3
σ¯12(X1 −X2)X51x6
]
, (A11)
Substituting E = −ηmx/2 and Eq. (A11) into
Eq. (A9) and integrating with respect to ω twice, one
obtains Ψ(f) as
Ψ(f) =
3
128
1
η
x−5/2
[
1 +
20
21
σ¯12(X1 −X2)X51x6
]
.
(A12)
Again, one recovers Eq. (93) by taking the tidal correc-
tion part of the above equation, exchanging the indices
1 and 2, and combining the two pieces together. Notice
that Ψσ¯2(f) = 0 for an equal-mass binary.
Appendix B: Various Coefficients in Gravitational
Waveform Phase
In this appendix, we list some of the coefficients in the
gravitational waveform phase given in Eq. (94). The first
six ψλ¯2,An/2 [16, 18, 23, 25] are given by
ψλ¯2,A5 = −
9
16
X5A
η
(
1 + 12
XB
XA
)
λ¯A2 , (B1)
ψλ¯2,A5.5 = 0 , (B2)
ψλ¯2,A6 =
5(3179− 919XA − 2286X2A + 260X3A)
672(12− 11XA) ψ
λ¯2,A
5 ,
(B3)
ψλ¯2,A6.5 = −piψλ¯2,A5 , (B4)
ψλ¯2,A7 =
1
12− 11XA
(
39927845
508032
− 480043345
9144576
XA
+
9860575
127008
X2A −
421821905
2286144
X3A +
4359700
35721
X4A
−10578445
285768
X5A
)
ψλ¯2,A5 + · · · , (B5)
ψλ¯2,A7.5 = −
pi
672(12− 11XA) (27719− 22127XA
+7022X2A − 10232X3A
)
ψλ¯2,A5 , (B6)
where XA = mA/m. ψ
λ¯2,A
n/2 shown above are complete
101 102 103
f [Hz]
10-24
10-23
10-22
S n
1/
2  
[H
z-1
/2
]
fit
data
LIGO III
FIG. 18. (Color online) Noise spectral density for LIGO
III [59]. We compare the fit (red solid) with the data (green
dotted).
up to n = 13 [25]. At n = 14, some missing terms (de-
noted by “· · · ”) exist but the order of magnitude estimate
shows that they are subdominant [25]. n = 15 contribu-
tion comes from the tail effect [25].
In [16], it reads that the tidal effect proportional to
(λ¯2)
2 enters at 7.5PN order in the gravitational wave
phase, but this is a typo and such an effect enters at 10PN
20
c0 c1 c2 c3 c4
-3.029396206 0.2842933209 -149.1949551 315.0564131 -318.3482493
c5 c6 c7 c8 c9
187.6402670 -67.83575993 14.84129658 -1.806200458 0.09393770700
TABLE II. Estimated numerical coefficients for the fitting formula of the LIGO III noise curve given by Eq. (C1).
order. The terms proportional to (λ¯2)
2 in Eqs. (A2), (A3)
and (A4) of [16] need to be multiplied by a factor of 2, and
the one in Eq. (A5) of [16] should read +(9/64η)X81 (1 +
18X2 + 105X
2
2 )(λ¯2)
2x15/2.
Appendix C: LIGO III Noise Curve Fitting Formula
We create a polynomial fitting formula of the LIGO III
noise curve [59] as
log10
(√
Sn(f)
)
=
9∑
k=0
ck(log10 f)
k , (C1)
where the coefficients are given in Table II. We compare
the fit with the data in Fig. 18.
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